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We revisit the constraints on the small scale density perturbations (104 Mpc−1 . k . 105 Mpc−1)
from the modification of the freeze-out value of the neutron-proton ratio at big-bang nucleosynthesis
era. Around the freeze-out temperature T ∼ 0.5 MeV, the universe can be divided into several local
patches which have different temperatures since any perturbation which enters the horizon after the
neutrino decoupling has not diffused yet. Taking account of this situation, we calculate the freeze-
out value in detail. We find that the small scale perturbations decrease the n-p ratio in contrast to
previous works. With use of the latest observed 4He abundance, we obtain the constraint on the
power spectrum of the curvature perturbations as ∆2R . 0.018 on 104 Mpc−1 . k . 105 Mpc−1.
I. INTRODUCTION
In recent decades, modern cosmology has got into a
phase of highly precise physics. Especially progress of ob-
servations of the cosmic microwave background (CMB) is
quite remarkable, and recent results of Planck collabora-
tion are beautifully consistent with the standard ΛCDM
scenario [1]. On the other hand, success of the big-bang
nucleosynthesis (BBN) has supported the standard big-
bang model of cosmology for more than 50 years and
BBN also has been used as an important probe to phys-
ical states of the early universe. Together with measure-
ments of abundances of light elements (e.g. D and 4He)
BBN can give stringent constraints on various cosmologi-
cal scenarios. The latest observed value of the primordial
4He and D abundances, Y obsp = 0.2449± 0.0080 (2σ) [2]
and (D/H)obsp = (2.53±0.04)×10−5 [3], are in good agree-
ment with the standard BBN prediction with the best fit
parameters of Planck, Y CMBp = 0.24668 ± 0.00013 and
(D/H)CMBp = 2.606
+0.051
−0.054 × 10−5 [1].
As an initial condition of big-bang cosmology, infla-
tion, i.e. the accelerated expansion of the early universe,
is one of the most plausible scenario. Inflation can not
only solve several problems of big-bang theory such as
horizon, flatness, and monopole problems, but also create
primordial inhomogeneities from quantum fluctuations as
seeds of cosmic structures. That is, the information of the
dynamics of the early universe will be imprinted on cos-
mological inhomogeneities like the large scale structure
(LSS) and the temperature and polarization anisotropies
of CMB.
From observations of CMB and LSS, the primordial
curvature perturbations are found to be almost scale
invariant and the amplitude of their power spectrum
∆2R(k) is as small as O(10−9) at least on large scales
such that k . O(1 Mpc−1) [1, 4]. However, they are still
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not understood well on smaller scales k & O(1 Mpc−1)
because of the Silk damping [5]. Theoretically, there
are many inflationary models which predict the large en-
hancement of the small scale perturbations, e.g. simple
hybrid inflation [6, 7] (see also [8–10] for concrete power
spectra), hybrid-new double inflation [11–13], single-field
double inflation [14, 15], running mass model [16, 17],
and curvaton scenario [18, 19]. Therefore it is important
to investigate the small scale perturbations to understand
the early universe.
In this context, several methods to probe the small
scale perturbations are studied. Primordial Black holes
(PBHs) [20–22], which are suggested to be produced by
the gravitational collapse of overdense Hubble patches
in the radiation dominated era, are one of the represen-
tative probes. PBHs have been not detected yet and
the non-detection of PBHs can constrain the primor-
dial curvature perturbations for a very wide range of
the wavelength as 10−2 Mpc−1 . k . 1019 Mpc−1 but
weakly ∆2R . O(10−2) [23, 24]. As another collapsed
object, ultracompact minihalos (UCMHs) [25] also re-
ceive notable attention. Non-detection of gamma rays
from dark matter (DM) annihilations in UCMHs puts
much stronger constraints ∆2R . O(10−7) on scales of
10 Mpc−1 . k . 107 Mpc−1. However, this constraint
only applies to WIMP-DM (Weakly Interacting Massive
Particles) which is relatively massive ∼ O(1 TeV) and
has a weak charge so that the cross section is around
〈σv〉 ∼ 10−26 cm3s−1 [26].1 The constraints from CMB
spectral distortions are around ∆2R . O(10−5) on rela-
tively large scales as 1 Mpc−1 . k . 104 Mpc−1 [29–33]
and they will be much improved by future CMB obser-
vations like PIXIE [34] or PRISM [35].
Recently, the idea of acoustic reheating has been pro-
posed as a new method to probe the perturbations on
104 Mpc−1 . k . 105 Mpc−1, which is slightly smaller
1 Recently it has been suggested that the UCMH abundance can
be constrained by pulser timing irrespectively of the DM prop-
erties [27, 28].
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2than the CMB distortion scale, by Jeong et al. [36]
and Nakama et al. [37]. This scale corresponds with
the horizon scales around the BBN phase and the con-
straints come from the possibility that large density per-
turbations can affect the abundances of light elements.
Nakama et al. estimated the constraint as ∆2R . 0.06
from the modulation of the baryon-photon ratio η =
nb/nγ where nb and nγ represent number densities of
baryons and photons respectively. On the other hand,
Jeong et al. put the constraint of ∆2R . 0.007 from the
increase of the 4He abundance Yp with perturbations.
In this paper, we revisit these constraints, focusing es-
pecially on the modification of the freeze-out value of
the neutron-proton ratio, which determines the primor-
dial 4He abundance dominantly. Taking account of the
fact that perturbations of electrons and neutrinos which
enter the horizon after the neutrino decoupling evolve
still together with baryon-photon fluid during that era,
it is found that the perturbations decrease the 4He abun-
dance oppositely to Jeong et al. [36] and the resultant
constraint on the primordial curvature perturbations is
∆2R . 0.018. These modifications are caused by second
order effects of perturbations. We evaluate them in the
iterative approximation in this paper, that is, we use the
linear order solutions for the perturbations and approxi-
mate the second order quantities by cross terms of linear
perturbations without solving exact second order equa-
tions of motion (E.o.M).
This paper is organized as follows. In section II, we
clarify the setup and review the dynamics of the cosmo-
logical perturbations around the horizon scale. We show
that indeed the decaying modes cannot be neglected yet
and the relation between the temperature perturbations
and the primordial curvature perturbations is modified
by several factors. Then we calculate the n-p ratio with
perturbations and find the constraint on the primordial
curvature perturbations in section III. We devoted sec-
tion IV to the conclusions.
II. SMALL SCALE PERTURBATIONS IN BBN
EPOCH
In this section we discuss the evolution of the small
scale perturbations in BBN epoch. In particular, we
focus on the epoch when the n-p ratio freezes out
(0.1 MeV . T . 2 MeV).
A. Behavior of electrons and neutrinos
As we will describe in detail in the next section, the
freeze-out value of the n-p ratio is mainly determined by
the distributions of electrons and neutrinos. During this
epoch, electrons remain tightly coupled with the baryon-
photon plasma and their perturbations have not been dis-
sipated by the Silk damping. On the other hand, the situ-
ation of neutrinos is different. At high temperature (T >
1.5 MeV), neutrinos are tightly coupled with baryon-
photon plasma as well as electrons. However, when the
radiation temperature drops to around 1.5 MeV, neutri-
nos decouple from the baryon-photon plasma [42] and
their free-streaming length reaches the horizon scale.
Moreover, since neutrinos start to free-stream gradu-
ally before the decoupling, they diffuse almost all of the
subhorizon perturbations of the baryon-photon plasma,
too [38]. Namely just before the decoupling all density
perturbations smaller than k ∼ 105 Mpc−1 which is the
horizon scale at the decoupling are erased and rethermal-
ized.
Meanwhile superhorizon perutrbations have not been
erased yet. Let us consider the perturbations which reen-
ter the horizon slightly after the neutrino decoupling and
before the freeze-out of the n-p ratio, that is, whose
scales are given by 104 Mpc−1 . k . 105 Mpc−1. Af-
ter they reenter the horizon, the perturbations of elec-
trons and neutrinos start to oscillate together with the
baryon-photon plasma at first. After the first half oscil-
lation, only the perturbations of neutrinos are smoothed
off due to their free-streaming [39]. However, the freeze
out of the n-p ratio occurs before the first half oscillation
as we will show in the next subsection and the perturba-
tions are not yet smoothed off at that time. Therefore we
do not have to consider the difference between electrons
and neutrinos when we calculate the n-p ratio with the
perturbations on 104 Mpc−1 . k . 105 Mpc−1.
B. Perturbations outside or inside horizon
Now, let us consider the behavior of the perturbations
for 104 Mpc−1 . k . 105 Mpc−1. Hereafter we basically
follow the notation of [41]. We use the conformal New-
tonian gauge where the metric is given by,
ds2 = −a2(1+2Ψ)dη2+a2(1+2Φ)(dx2+dy2+dz2) . (1)
The radiation (photons and neutrinos) perturbations Θ
can be defined by its distribution function f as,
f(~x, p, pˆ, t) =
[
exp
(
p
T (t)[1 + Θ(~x, pˆ, t)]
)
− 1
]−1
. (2)
Here p and pˆ denote the amplitude and direction of the
momentum of photons respectively. Its Fourier mode
Θ(~k, p, pˆ, t) =
∫
d3x e−i~x·~kΘ(~x, p, pˆ, t) is often used in
Legendre expanded forms as,
Θl(k, t) =
1
(−i)l
∫ 1
−1
dµ
2
Pl(µ)Θ(~k, p, pˆ, t), µ =
~k · pˆ
k
,
(3)
where Pl is the Legendre polynomial of order l. Here
note that after µ-integration Θl does not dependent on
~k-direction because of the homogeneity and isotropy of
the universe. Hereafter we omit the arguments of Θ for
simplicity where it does not lead to confusion. With use
3of the properties of the Legendre polynomial, we can ob-
tain,∫ 1
−1
dµ
2
Θ2 =
∑
l=0
(2l + 1)Θ2l
' Θ20 + 3Θ21, (tight-coupling limit). (4)
In the second line, we used the fact that in the tight-
coupling limit2 we can neglect Θl (l > 2) [41]. In the
followings, we refer to Θ20 + 3Θ
2
1 as Θ¯
2.
Assuming photons and neutrinos evolve conjointly un-
til the freeze out of the n-p ratio, we can obtain the evo-
lution of the gravitational potential (Φ) and the radia-
tion (photons and neutrinos) perturbations (Θ0 and Θ1)
as [41],
Φ = −3Φp
(√3
kη
)2
cos
kη√
3
−
(√
3
kη
)3
sin
kη√
3
 , (5)
Θ0 = −3
2
Φp
(
cos
kη√
3
−
√
3
kη
sin
kη√
3
)
− 3
kη
Θ1, (6)
Θ1 =−
√
3
2
Φp
sin kη√
3
+2
√
3
kη
cos
kη√
3
−2
(√
3
kη
)2
sin
kη√
3
,
(7)
where Φp is an initial condition of the gravitational po-
tential on the superhorizon scale and connected with the
primordial curvature perturbation ζ by Φp =
2
3ζ.
3 The
detailed derivations of Eqs. (5–7) are described in the
appendix A. In the superhorizon limit (kη → 0), it can
be found that Φ → Φp, Θ0 → Φp2 , and Θ1 → 0. On
the other hand, in the subhorizon limit (kη  1), the
gravitational potential decays Φ → 0 and the tempera-
ture perturbations oscillate as Θ0 → − 32Φp cos(kη/
√
3)
and Θ1 → −
√
3
2 Φp sin(kη/
√
3). Here note that the am-
plitude of the oscillation of temperature perturbations
Θ¯2 = Θ20 + 3Θ
2
1 is given by
9
4Φ
2
p and time-independent.
Therefore this relation is often used in the calculation of
CMB distortions for example. However, around the hori-
zon scale, the decaying modes (∼ O(1/kη), O(1/(kη)2))
cannot be neglected and the amplitude of the tempera-
ture perturbations are suppressed by factor 9 as Θ¯2 ' Φ
2
p
4 .
2 When the freeze out is occurred, neutrinos are decoupled but
oscillate together with the baryon-photon plasma. Therefore we
can apply the tight-coupling limit to neutrinos as well as photons
at that time.
3 This initial condition may have to be replaced by Φp =
2
3
1+ 2
5
Rν
1+ 4
15
Rν
ζ where Rν = ρν/(ρν + ργ) after the neutrino decou-
pling [40]. However, since we here consider the perturbations
which reenter the horizon soon after the neutrino decoupling, we
simply used the factor of 2/3. Anyway this difference solely cause
a factor modification on the curvature perturbation constraints.
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FIG. 1. Plot of Φ,Θ0,Θ1, and Θ
2
0 + 3Θ
2
1 (0.1MeV < T <
1.5MeV), where we set Φp = 1.
Indeed this fact yields factor modifications for the con-
straints on the curvature perturbations.
Now, in order to understand the temperature depen-
dence of the perturbations visually, we consider the per-
turbation which enter the horizon soon after neutrinos
are decoupled. Namely, assuming that neutrinos are de-
coupled at T = 1.5 MeV instantaneously, we focus on the
mode which satisfies kη = 1 at T = 1.5 MeV. Indeed it is
found that the concrete value of k is around 105 Mpc−1
with use of the following relation between time and tem-
perature in the radiation dominated era [42]:
tsec ' 1.39κ−1/2 1
T 2MeV
, (8)
where tsec and TMeV are the cosmic time and temper-
ature in units of sec and MeV, respectively, and κ =
pi2
30 g∗ = 3.537
(
g∗
10.75
)
with g∗ being the effective degree
of freedom (d.o.f). In that era, the conformal time sat-
isfies η ∝ a ∝ √t and therefore kη ' 1.5TMeV . Then now
we can illustrate the solutions (5–7) and we plot them
for Φp = 1 in Fig. 1. From this figure, it can be found
that Θ0 and Θ1 have not yet started oscillation around
the freeze out temperature (T ' 0.5 MeV), and therefore
the assumption that neutrino perturbations are not yet
smoothed off is justified.
III. CALCULATION OF NEUTRON-PROTON
RATIO
In this section we discuss the calculation of the n-p
ratio. In the following, we define Xn =
nn
nn+np
, where nn
and np are the number densities of neutrons and protons,
and call Xn the n-p ratio.
4A. n-p ratio in the homegeneous universe
In this subsection, we review the calculation of the n-
p ratio without the perturbations briefly. The n-p ratio
is determined by the weak interaction among neutrons,
protons, electrons (positrons), and neutrinos (antineutri-
nos). The time-evolution of Xn is given by [42, 43],
dXn(T )
dt
= −λn→pXn(T ) + λp→n(1−Xn(T )), (9)
where λn→p and λp→n are the reaction rates of conver-
sions from neutrons to protons and vice vasa. The con-
version from neutrons to protons is given by two pro-
cesses, n+ν → p+e− and n+e+ → p+ ν¯, whose reaction
rates are referred to as λnν and λne respectively. Namely
λn→p = λnν + λnp. In fact there is a neutron-decay pro-
cess (n → p + e− + ν¯) but the lifetime of neutron is so
long as τn ∼ 886 s and it does not work until sufficient low
temperature . 0.05 MeV. Therefore we will neglect the
neutron decay and simply calculate the freeze-out value
of the n-p ratio. On the other hand, the reaction rate
of the conversion from protons to neutrons is determined
by p + ν¯ → n + e+ and p + e− → n + ν, neglecting the
three-body process p+e−+ ν¯ → n. Accordingly the total
reaction rate can be written as λp→n = λpν + λpe.
Each reaction rate can be calculated as,
λnν =
1 + 3g2A
2pi3
G2FQ
5J(1;∞), (10)
λne =
1 + 3g2A
2pi3
G2FQ
5J(−∞;−me
Q
), (11)
λpν =
1 + 3g2A
2pi3
G2FQ
5Jˆ(1;∞), (12)
λpe =
1 + 3g2A
2pi3
G2FQ
5Jˆ(−∞;−me
Q
), (13)
where gA ' 1.26 is the axial-vector coupling, GF ' 1.17×
10−5 GeV−2 is the Fermi coupling constant, and Q =
mn − mp ' 1.293 MeV is the mass difference between
neutron and proton. J(a; b) and Jˆ(a; b) are defined as,
J(a; b) =
∫ b
a
√
1− (me/Q)
2
q2
q2(q − 1)2dq
(1 + e
Q
Tν
(q−1))(1 + e−
Q
T q)
,
(14)
Jˆ(a; b) =
∫ b
a
√
1− (me/Q)
2
q2
q2(q + 1)2dq
(1 + e
Q
Tν
(q+1))(1 + e−
Q
T q)
.
(15)
Here Tν represents neutrino temperature, which is equal
to photon temperature T before the electron-positron an-
nihilation. Note that the denominators come from Fermi
distribution function
(
1
1+eE/T
)
and the Pauli blocking
factor
(
1− 1
1+eE/T
)
. Using Eqs. (8), (10)–(13), we can
solve Eq. (9) and plot the evolution ofXn in Fig. 2, where
it is seen that the n-p ratio is frozen around T ∼ 0.5 MeV.
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FIG. 2. Evolution of Xn without the perturbations
(0.1 MeV < T < 1.5 MeV). In this plot, it can be seen that
the freeze out is occurred around T ∼ 0.5 MeV.
FIG. 3. Schematic image of the two patches in the horizon,
one of which has slightly high temperature T (1 + Θ) and the
other of which has slightly low temperature T (1−Θ).
B. n-p ratio in the inhomogeneous universe
In this subsection, we discuss how we should take ac-
count of the effects of the perturbations. To make things
simple, let us assume an illustrative situation that only
two same comoving volume patches enter the horizon
soon after the neutrino decoupling and one has slightly
high temperature T (1+Θ) and the other has slightly low
temperature T (1 − Θ).4 The situation is schematically
shown in Fig. 3. Of course the horizon will contain many
patches well after the neutrino decoupling and we will
extend the calculation to such a case in subsection III D.
Let us calculate the reaction rate in the high tempera-
ture patch (T (1 + Θ)). In that patch, J(a; b) and Jˆ(a; b)
are modified to J(a; b,Θ) and Jˆ(a; b,Θ), which are de-
fined as,
5J(a; b,Θ) =
∫ 1
−1
dµ
2
∫ b
a
√
1− (me/Q)
2
q2
q2(q − 1)2
(1 + e
Q
Tν (1+Θ)
(q−1))(1 + e−
Q
T (1+Θ)
q)
dq, (16)
Jˆ(a; b,Θ) =
∫ 1
−1
dµ
2
∫ b
a
√
1− (me/Q)
2
q2
q2(q + 1)2
(1 + e
Q
Tν (1+Θ)
(q+1))(1 + e−
Q
T (1+Θ)
q)
dq. (17)
Then, let X+n denote the n-p ratio in the high tempera-
ture patch whose evolution is determined by,
dX+n (T, ζ)
dt
=− λn→p(Θ)X+n (T, ζ)
+ λp→n(Θ)(1−X+n (T, ζ)), (18)
where λn→p(Θ) = λnν(Θ) + λne(Θ) and λp→n(Θ) =
λpν(Θ) + λpe(Θ) are given by,
λnν(Θ) =
1 + 3g2A
2pi3
G2FQ
5J(1;∞,Θ), (19)
λne(Θ) =
1 + 3g2A
2pi3
G2FQ
5J(−∞;−me
Q
,Θ), (20)
λpν(Θ) =
1 + 3g2A
2pi3
G2FQ
5Jˆ(1;∞,Θ), (21)
λpe(Θ) =
1 + 3g2A
2pi3
G2FQ
5Jˆ(−∞;−me
Q
,Θ). (22)
With use of Eq. (8), we can solve Eq. (18) and derive the
evolution of X+n .
On the other hand, in the low temperature patch we
only have to change the sign of Θ (Θ→ −Θ). Then the
evolution of n-p ratio in that patch (X−n ) are described
as,
dX−n (T, ζ)
dt
=− λn→p(−Θ)X−n (T, ζ)
+ λp→n(−Θ)(1−X−n (T, ζ)). (23)
Similarly to X+n , we can obtain the temperature depen-
dence of X−n from this equation with use of Eq. (8).
Finally, we have to mention how we should average
the two n-p ratio, X+n and X
−
n . If the perturbations
are adiabatic (Θ0 =
1
3δb =
1
3δnb), the two patches have
different number density of baryons. Since Xn is just
a ratio of neutrons to baryons, we have to weight it by
the number of baryons included in each patch. Here we
have assumed that two patches have the same comoving
volume (V0) at the horizon cross. Therefore the physical
volumes of the two patches are given by V0a
3(1 + 3Φ∗)
4 Note that in this subsection Θ is a positive number representing
the variance of the temperature perturbations, while it will di-
rectly denote the perturbation value in each patch which becomes
both positive and negative in subsection III D.
(hot) and V0a
3(1− 3Φ∗) (cold), where ∗ means the value
at the horizon cross . For example, the baryon number
(Nb) included in the high temperature patch (T (1 + Θ))
is given by
Nb = (1 + δ
∗
b )
n∗b
a3
a3(1 + 3Φ∗)V0
' (1 + 3Θ∗0)n∗b(1 + 6Θ∗0)V0
' (1 + 9Θ∗0)n∗bV0, (24)
where nb is the averaged baryon number density and we
use the fact Φ∗ ' 2Θ∗0.
To check the validity of Eq. (24), let us rederive the
weight factor in the spatially flat gauge as well as the con-
formal Newtonian gauge. That is because it is trivial how
to take spatial averages in the spatially flat gauge since
there is no metric perturbation and no difference between
a comoving and physical volume. Between these gauges,
one can derive the relation Θ∗ flat = 3 Θ∗Newtonian, using
two expressions of the gauge invariant curvature pertur-
bation ζ = 13
δρflat
ρ+P = Φ
Newtonian + 13
δρNewtonian
ρ+P . Then, the
baryon number included in the high temperature patch
is given by,
Nb = (1 + δ
∗flat
b )
n∗b
a3
a3V0
' (1 + 3Θ∗flat0 )n∗bV0
' (1 + 9Θ∗Newtonian0 )n∗bV0, (25)
which is indeed consistent with Eq. (24).
Then the averaged Xn is given by
X¯n(σ)=
1
2
(
(1+9Θ∗0)X
+
n (T→0)+(1−9Θ∗0)X−n (T→0)
)
,
(26)
where σ represents the amplitude of the perturbations,
σ2 = 〈ζ2〉.
After the freeze-out of Xn, neutrons gradually convert
to protons due to their decay process until 4He synthesis.
Therefore, the final 4He abundance with perturbations
can be written as Yp(σ) = 2X¯n(σ)D with the decay factor
D. The decay factor can be approximated as [42],
D ' exp
[
−269(1− 0.07(Nν − 3)− 0.06 ln η10)
τn
]
, (27)
where τn ' 886 s is the life time of a free neutron, Nν is
the number of neutrino species, and η10 = 10
10 × nb/nγ
6represents the baryon-photon ratio. Without perturba-
tions, the Planck consistent decay factor can be easily
evaluated by D = Y CMBp /2X¯n(σ = 0) where Y
CMB
p =
0.24668 is the central value of BBN prediction with
Planck’s best fit parameters [1]. However, if there are
large density perturbations, their decay due to the Silk
damping causes energy injection and increases the pho-
ton number density after BBN but before the last scat-
tering surface. Therefore the baryon-photon ratio during
the BBN era should be larger than that evaluated by the
CMB observation, and that modification is given by [37],
∆η10
η10
=
ηBBN10 − ηCMB10
ηBBN10
' 3
4
× 2.3 〈ζ2〉 . (28)
Hence it possibly changes the decay factor, though the
n-p ratio itself does not depend on the baryon-photon
ratio directly.
From Eq. (27), the modification of the decay factor is
estimated as,
D + ∆D
' exp
[
−269(1− 0.07(Nν − 3)− 0.06 ln (η10 + ∆η10))
τn
]
,
(29)
and it gives,
∆D
D
' 0.018× ∆η10
η10
' 0.031 〈ζ2〉 , (30)
with concrete parameter values. However it is much
smaller than the modification of n-p ratio itself
∆X¯n/X¯n ' −2.2 〈ζ2〉 as we will see in Fig. 6. Therefore
the modification of the decay factor can be neglected.5
With use of the decay factor D = Y CMBp /2X¯n(σ = 0),
we can obtain the constraints on the freeze-out value
X¯n(σ) with perturbations, so that the
4He abundance
to be consistent with the observational value Y obsp ±
∆Y obsp = 0.2449± 0.0080 (2σ) [2], as,
Y obsp −∆Y obsp
2D
< X¯n(σ) <
Y obsp + ∆Y
obs
p
2D
,
⇔Y
obs
p −∆Y obsp
Y CMBp
<
X¯n(σ)
X¯n(σ = 0)
<
Y obsp + ∆Y
obs
p
Y CMBp
. (31)
This eventually gives the constraint on the primordial
curvature perturbations.
C. Approximations of reaction rates
In the previous subsection, we showed how we can cal-
culate the averaged Xn exactly. However, for the cal-
culation over many patches in the next subsection, we
would like to use some approximated forms of the re-
action rates to avoid time-consuming numerical integra-
tions. Though we postpone the detail derivation to ap-
pendix B, we can obtain the following approximations
under the assumptions that temperature is sufficiently
higher than the mass difference T  Q and the Pauli-
blocking factors are negligible:
λnν ' 1.63
(
Tν
Q
)3(
Tν
Q
+ 0.25
)2
s−1, (32)
λne ' 1.63
(
T
Q
)3(
T
Q
+ 0.25
)2
s−1, (33)
λpν ' 1.63 e−
Q
Tν
(
Tν
Q
)3(
Tν
Q
+ 0.25
)2
s−1, (34)
λpe ' 1.63 e−
Q
T
(
T
Q
)3(
T
Q
+ 0.25
)2
s−1. (35)
If we include the perturbation, the reaction rates reads
(see appendix C for detail derivations), up to O(Θ4),
λnν(Θ) ' λne(Θ)
' 1.63
(
T
Q
)3
(a+ (3a+ b)Θ0 + (3a+ 3b+ c)Θ¯
2) s−1, (36)
λpν(Θ) ' λpe(Θ)
' 1.63 e−QT
(
T
Q
)3(
a+
(
3a+ b+ a
Q
T
)
Θ0 +
(
a
[
1
2
(
Q
T
)2
− Q
T
]
+ 3a+ 3b+ c+
Q
T
(3a+ b)
)
Θ¯2
)
s−1,
(37)
5 Note that Nakama et al. [37] have given the constraints on the
curvature perturbation by the modification of η10 with use of the
deutron abundance, which is sensitive to the value of η10. How-
ever the constraints are weaker (∆2R . 0.06) and independent of
our constraints with the n-p ratio.
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where we have assumed T = Tν and a, b, and c are given
by,
a =
(
T
Q
)2
+
T
2Q
+
1
16
, (38)
b = 2
(
T
Q
)2
+
T
2Q
, (39)
c =
(
T
Q
)2
. (40)
Now let us evaluate the precision of the approximated
forms. Since these forms use the high-temperature limit
as mentioned, they are expected not to be valid at low
temperature. Indeed as shown in Fig. 4 Xappn which is ob-
tained by the approximated reaction rates (36–37) starts
to deviate from the exact Xexactn around T ∼ 0.2 MeV.
However it is expected that the dynamics of Xn after
the freeze-out will not depend on the perturbations so
much. Therefore the final value of Xn could be obtained
by multiplying Xn at some (not-so-low) temperature by
some numerical factor which is independent of the am-
plitude of perturbations.
In Fig. 5, we plot the ratio of Xappn (T, ζ) to
Xexactn (0, ζ), which shows that the ratio does not de-
pend on the value of perturbations and hence justifies
the above expectation. It means that the evolution of
Xn at low temperature T . 0.2 MeV can be represented
by the simple rescaling with some numerical factor ir-
respectively of the perturbations. In this paper, we ap-
proximate Xexactn (T → 0) by Xappn (T = 0.2 MeV)/1.034
hereafter.
D. Gaussian distribution
In this subsection we consider more than two patches
and obtain the concrete constraint on the curvature per-
turbations. With the assumption that the curvature per-
 1
 1.05
 1.1
 1.15
 1.2
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X n
a
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n
e
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ct
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FIG. 5. Ratio of Xexactn (0, ζ) to X
app
n (T, ζ) with ζ = 0, 0.1,
and 0.2.
turbations ζ follow the Gauss distribution, various quan-
tities can be averaged over the Gauss distribution. In the
following we define σ2 as the variance of the curvature
perturbations 〈ζ2〉.
We already see how the n-p ratio should be calculated
in each patch in subsection III B. For example, in the high
temperature patch we can derive the freeze out value of
the n-p ratio using Eq.(18). Then the n-p ratio in each
patch should be averaged over the probability distribu-
tion of Θ. As mentioned in subsection III B, the weight
factor is given by 1+9Θ∗0 with Θ
∗
0 = ζ/3 being the initial
condition of Θ0.
6. Thus, the averaged n-p ratio X¯aven is
given by,
X¯aven (T → 0, σ) =
∫ ∞
−∞
dζ
1√
2piσ
e
−ζ2
2σ2 (1 + 9Θ∗0)
Xn(0.2, ζ)
1.034
,
(41)
where we use the approximated reaction rates (36–37)
and derive Xn(TMeV = 0.2, ζ)/1.034 as the final freeze-
out value of the n-p ratio as discussed in subsection III C.
In the actual calculations, we have used the Gaussian
distribution truncated at 3σ as,
PG =
1√
2piσ
e
−ζ2
2σ2 , −∞ < ζ <∞,
→ PG′ =

(∫ 3σ
−3σ
dζ
1√
2piσ
e
−ζ2
2σ2
)−1
1√
2piσ
e
−ζ2
2σ2 , |ζ| ≤ 3σ,
0, otherwise,
(42)
to avoid including high-Θ values since we have used QT Θ
expansions and the results for high Θ lose reliability.
6
Note that the positive ζ corresponds to the hot patch and the
negative ζ corresponds to the cold patch. Θ∗0 takes both positive
and negative values now
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vational bounds (black solid) [2] .
We show the results as the blue solid line in Fig. 6. We
also plot the observational bounds
Y obsp ±∆Y obsp
Y CMBp
X¯aven (0, 0)
as black solid lines with use of the latest value Y obsp ±
∆Y obsp = 0.2449 ± 0.0080 (2σ) [2] . From this figure we
obtain the constraint on ∆2R as,
∆2R . 0.018, k ∼ 105 Mpc−1. (43)
This is the main conclusion of this paper.
For modes with slightly larger wavelengths 104 Mpc .
k < 105 Mpc−1 which enter the horizon somewhat after
the neutrino decoupling, we have checked that the con-
straint is weakened since those modes do not have much
time between the horizon cross and the freeze-out.
Finally, we consider why the perturbations make the
freeze out value of the n-p ratio decrease. It can be in-
terpreted as the effect of the existence of local patches.
The reaction rates are determined by the temperature in
each patch. Therefore in the high temperature patch the
reaction rates are enhanced and the freeze-out is delayed,
which leads to the smaller final freeze-out value. On the
other hand, in the low temperature patch, the freeze-out
is advanced and the final freeze-out value becomes larger.
Here recall that these values should be averaged with a
weight factor 1 + 9Θ∗. Namely the smaller freeze out
value in the high temperature patch is weighted by the
heavier weight 1 + 9Θ∗, while the larger freeze out value
in the low temperature patch is weighted by the lighter
weight 1 − 9Θ∗. Therefore this effect works to decrease
the averaged freeze-out value. From our results (Fig. 6),
it can be found that such decreasing effects give a domi-
nant contribution.
IV. CONCLUSIONS
In this paper we revisit the modification of the neutron-
proton ratio with large density perturbations on small
scales 104 Mpc−1 . k . 105 Mpc−1. Previously two
groups of Jeong et al. [36] and Nakama et al. [37] consid-
ered the constraints on the primordial perturbations from
BBN. Jeong et al. gave the constraint of ∆2R . 0.007
from the increase of the 4He abundance which is di-
rectly related with the n-p ratio, while the constraint
by Nakama et al. are ∆2R . 0.06 from the modifi-
cation of the baryon-photon ratio. Especially related
with Jeong et al., we reconsider the distribution of elec-
trons and neutrinos and the behavior of the perturbations
around the horizon cross. In fact, not only electrons but
also neutrinos do evolve conjointly with baryon-photon
fluid between the horizon reenter and the freeze out of
the n-p ratio. Therefore the universe can be divided
into local patches which follow different thermal distri-
butions. The existence of these local patches rather de-
crease the n-p ratio since they effectively delay the freeze
out. Then our resultant constraint is ∆2R . 0.018 with
use of the latest observed value of the 4He abundance
Y obsp = 0.2449± 0.0080 (2σ) [2] .
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Appendix A: Derivation of Φ,Θ0, and Θ1
In this appendix, we derive Eqs. (5), (6) and (7). In
the radiation dominated era, the time evolution of Θ0,
Θ1 and Φ are described as [41],
Θ˙0 + kΘ1 = −Φ˙, (A1)
Θ˙1 − k
3
Θ0 =
−3
k
Φ, (A2)
Φ =
6a2H2
k2
[
Θ0 +
3aH
k
Θ1
]
, (A3)
where the overdots represent derivatives with respect to
conformal time η. Note that in the radiation dominated
era the horizon scale is given by aH = 1/η. Using
Eq. (A3) and eliminating Θ0 in Eqs. (A1) and (A2), we
can obtain,
− 3
kη
Θ˙1 + kΘ1
[
1 +
3
k2η2
]
= −Φ˙
[
1 +
k2η2
6
]
− Φk
2η
3
,
(A4)
Θ˙1 +
1
η
Θ1 =
−k
3
Φ
[
1− k
2η2
6
]
. (A5)
9Using Eq. (A5) and eliminating Θ˙1 in Eq. (A4), we ob-
tain,
Φ˙ +
1
η
Φ =
−6
kη2
Θ1. (A6)
From Eqs. (A5) and (A6), we can get the following
second-order equation:
Φ¨ +
4
η
Φ˙ +
k2
3
Φ = 0. (A7)
Eq. (A7) can be solved analytically by defining u ≡ Φη.
Then Eq. (A7) reads,
u¨+
2
η
u˙+
(
k2
3
− 2
η2
)
u = 0. (A8)
This is the spherical Bessel equation of order 1 and
the solutions are given by the spherical Bessel func-
tion j1(kη/
√
3) and the spherical Neumann function
n1(kη/
√
3). Since the latter one blows up as η gets very
small, n1(kη/
√
3) does not satisfy the initial condition.
Therefore, we find u ∝ j1(kη/
√
3). The spherical Bessel
function of order 1 can be expressed in terms of trigono-
metric functions as,
Φ = −3Φp
(√3
kη
)2
cos
kη√
3
−
(√
3
kη
)3
sin
kη√
3
 ,
(A9)
where Φp is the primordial value of Φ. We can easily
confirm that Φ→ Φp in the η → 0 limit.
Substituting Eq. (A9) into Eqs. (A3) and (A6), we can
easily get the solutions for Θ0 and Θ1 as,
Θ0 = −3
2
Φp
(
cos
kη√
3
−
√
3
kη
sin
kη√
3
)
− 3
kη
Θ1, (A10)
Θ1 =−
√
3
2
Φp
sin kη√
3
+2
√
3
kη
cos
kη√
3
−2
(√
3
kη
)2
sin
kη√
3
,
(A11)
where we use the fact aH = 1/η in the radiation domi-
nated era.
Appendix B: The derivation of the approximation
forms for the reaction rates
In this appendix, we derive Eqs. (32)–(35). First, let
us consider λnν :
λnν =
1 + 3g2A
2pi3
G2FQ
5J(1;∞). (B1)
To approximate J(1;∞), we use the fact that me/Q '
0.15 with respect to which the reaction rate can be ex-
panded. Neglecting the Pauli blocking factor, we can
obtain,
J(1;∞) =
∫ ∞
1
√
1− (me/Q)
2
q2
q2(q − 1)2dq
(1 + e
Q
Tν
(q−1))(1 + e−
Q
T q)
'
∫ ∞
1
(
1− (me/Q)
2
2q2
)
q2(q − 1)2dq
1 + e
Q
Tν
(q−1) (B2)
=
∫ ∞
0
(
1− (me/Q)
2
2(q + 1)2
)
q2(q + 1)2dq
1 + e
Q
Tν
q
(B3)
=
∫ ∞
0
q4 + 2q3 + q2
(
1− 12
(
me
Q
)2)
1 + e
Q
Tν
q
dq. (B4)
Executing the integration, we find,
J(1 :∞) '45ζ(5)
2
(
Tν
Q
)5
+
7pi4
60
(
Tν
Q
)4
+
3ζ(3)
2
(
1− 1
2
(
me
Q
)2)(
Tν
Q
)3
, (B5)
where ζ is the Riemann zeta function (ζ(3) ' 1.202 and
ζ(5) ' 1.037). Substituting Eq. (B5) and the concrete
values of GF , Q, and gA into Eq. (B1), we can obtain the
last form as,
λnν ' 1.63
(
Tν
Q
)3(
Tν
Q
+ 0.25
)2
s−1. (B6)
Next, let us consider λne:
λne =
1 + 3g2A
2pi3
G2FQ
5J(−∞;−me
Q
). (B7)
Similarly to λnν , we obtain,
J(−∞;−me
Q
) =
∫ −meQ
−∞
√
1− (me/Q)
2
q2
× q
2(q − 1)2dq
(1 + e
Q
Tν
(q−1))(1 + e−
Q
T q)
'
∫ ∞
me
Q
(
1− (me/Q)
2
2q2
)
q2(q + 1)2dq
1 + e
Q
T q
.
(B8)
Note that this expansion of the square root is valid only
if the dominant contribution to the integral comes from
large q (q  1). Comparing Eqs. (B8) and (B3), we find
that if the contribution of large q is dominant these two
equations become nearly equal, that is,
(
1− (me/Q)22(q+1)2
)
'(
1− (me/Q)22q2
)
when q is large. The dominant contribu-
tion to the integral is determined by the factor 1/(1+e
Q
T q)
and large q gives a dominant contribution for Q/T < 1.
Thus we can derive the approximation form as,
λne ' 1.63
(
T
Q
)3(
T
Q
+ 0.25
)2
s−1, (B9)
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when Q/T < 1 is naively satisfied.
Next we consider λpν :
λpν =
1 + 3g2A
2pi3
G2FQ
5Jˆ(1;∞), (B10)
which is expanded as,
Jˆ(1;∞) =
∫ ∞
1
√
1− (me/Q)
2
q2
q2(q + 1)2dq
(1 + e
Q
Tν
(q+1))(1 + e−
Q
T q)
'
∫ ∞
1
(
1− (me/Q)
2
2q2
)
q2(q + 1)2dq
1 + e
Q
Tν (q+1)
. (B11)
If the dominant contribution to the integral comes from
large q, the integral can be rewritten as,
∫ ∞
1
(
1− (me/Q)
2
2q2
)
q2(q + 1)2dq
1 + e
Q
Tν (q+1)
' e− QTν
∫ ∞
1
(
1− (me/Q)
2
2q2
)
q2(q + 1)2dq
1 + e
Q
Tν q
, (B12)
where we have used the fact that 1/(1 + e
Q
Tν
(q+1)) '
e−
Q
Tν /(1 + e
Q
Tν
q) when q  1. Comparing Eqs. (B3) and
(B12), we obtain the approximation form as,
λpν ' 1.63 e−
Q
Tν
(
Tν
Q
)3(
Tν
Q
+ 0.25
)2
s−1. (B13)
Finally we derive the approximation for λpe:
λpe =
1 + 3g2A
2pi3
G2FQ
5Jˆ(−∞;−me
Q
), (B14)
which is expanded as,
Jˆ(−∞;−me
Q
) =
∫ −meQ
−∞
√
1− (me/Q)
2
q2
× q
2(q + 1)2dq
(1 + e
Q
Tν
(q+1))(1 + e−
Q
T q)
'
∫ −meQ
−∞
(
1− (me/Q)
2
2q2
)
q2(q + 1)2dq
1 + e−
Q
T q
=
∫ ∞
me
Q
(
1− (me/Q)
2
2q2
)
q2(q − 1)2dq
1 + e
Q
T q
.
(B15)
Assuming the dominant contribution comes from large q,
the integral can be written as,∫ ∞
me
Q
(
1− (me/Q)
2
2q2
)
q2(q − 1)2dq
1 + e
Q
T q
' e−QT
∫ ∞
me
Q
(
1− (me/Q)
2
2q2
)
q2(q − 1)2dq
1 + e
Q
T (q−1)
, (B16)
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FIG. 7. The ratios of the approximated reaction rates λapp
to the exact ones λexact.
where we have used the fact that 1/(1+e
Q
T q) ' e−QT /(1+
e
Q
T (q−1)) when q  1. Then, comparing Eqs. (B2) and
(B16), we can derive,
λpe ' 1.63 e−
Q
T
(
T
Q
)3(
T
Q
+ 0.25
)2
s−1. (B17)
These approximation forms are valid when Q/T < 1
is satisfied. However, in fact, we can numerically find
that these approximation forms are valid even at T ∼
0.4 MeV. In Fig. 7, we plot the ratio of the approximatied
reaction rates λapp to the exact ones λexact. From this
plot, it can be found that the approximation is valid at
T & 0.4 MeV.
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Appendix C: The detail derivation of the approximated reaction rates with perturbations
In this section, we derive the approximated reaction rates λ’s under the existence of perturbations, Eqs. (36)–(37).
The approximated rates (32)–(35) are modified by perturbations as,
λnν(Θ) '
∫ 1
−1
dµ
2
1.63
(
Tν(1 + Θ)
Q
)3(
Tν(1 + Θ)
Q
+
1
4
)2
s−1, (C1)
λne(Θ) '
∫ 1
−1
dµ
2
1.63
(
T (1 + Θ)
Q
)3(
T (1 + Θ)
Q
+
1
4
)2
s−1, (C2)
λpν(Θ) '
∫ 1
−1
dµ
2
1.63 e−
Q
Tν (1+Θ)
(
Tν(1 + Θ)
Q
)3(
Tν(1 + Θ)
Q
+
1
4
)2
s−1, (C3)
λpe(Θ) '
∫ 1
−1
dµ
2
1.63 e−
Q
T (1+Θ)
(
T (1 + Θ)
Q
)3(
T (1 + Θ)
Q
+
1
4
)2
s−1. (C4)
Assuming the fluctuation is small, we expand the approximation forms with respect to Θ, which leads to the approx-
imated reaction rates given by,
λne(Θ) ' λnν(Θ)
'
∫ 1
−1
dµ
2
1.63
(
T (1 + Θ)
Q
)3(
T (1 + Θ)
Q
+
1
4
)2
s−1
'
∫ 1
−1
dµ
2
1.63
(
T
Q
)3
(1 + 3Θ + 3Θ2)
((
T
Q
)2
(Θ2 + 2Θ + 1) +
T
2Q
(1 + Θ) +
1
16
)
s−1
=
∫ 1
−1
dµ
2
1.63
(
T
Q
)3
(1 + 3Θ + 3Θ2)
(
a+ bΘ + cΘ2
)
s−1
=
∫ 1
−1
dµ
2
1.63
(
T
Q
)3
(a+ (3a+ b)Θ + (3a+ 3b+ c)Θ2) s−1
= 1.63
(
T
Q
)3
(a+ (3a+ b)Θ0 + (3a+ 3b+ c)Θ¯
2) s−1, (C5)
λpe(Θ) ' λpν(Θ)
'
∫ 1
−1
dµ
2
1.63 e−
Q
T (1+Θ)
(
T (1 + Θ)
Q
)3(
T (1 + Θ)
Q
+
1
4
)2
s−1
'
∫ 1
−1
dµ
2
1.63 e−
Q
T
(
1 +
Q
T
Θ +
[
1
2
(
Q
T
)2
− Q
T
]
Θ2
)
×
(
T
Q
)3
(1 + 3Θ + 3Θ2)
((
T
Q
)2
(Θ2 + 2Θ + 1) +
T
2Q
(1 + Θ) +
1
16
)
s−1
=
∫ 1
−1
dµ
2
1.63 e−
Q
T
(
1 +
Q
T
Θ +
[
1
2
(
Q
T
)2
− Q
T
]
Θ2
)(
T
Q
)3
(1 + 3Θ + 3Θ2)
(
a+ bΘ + cΘ2
)
s−1
=
∫ 1
−1
dµ
2
1.63 e−
Q
T
(
T
Q
)3(
a+
(
3a+ b+ a
Q
T
)
Θ +
(
a
[
1
2
(
Q
T
)2
− Q
T
]
+ 3a+ 3b+ c+
Q
T
(3a+ b)
)
Θ2
)
s−1
= 1.63 e−
Q
T
(
T
Q
)3(
a+
(
3a+ b+ a
Q
T
)
Θ0 +
(
a
[
1
2
(
Q
T
)2
− Q
T
]
+ 3a+ 3b+ c+
Q
T
(3a+ b)
)
Θ¯2
)
s−1,
(C6)
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where we have assumed T = Tν and a, b, and c are defined as,
a =
(
T
Q
)2
+
T
2Q
+
1
16
, (C7)
b = 2
(
T
Q
)2
+
T
2Q
, (C8)
c =
(
T
Q
)2
. (C9)
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